Abstract. We study the hypersymplectic spaces obtained as quotients of flat hypersymplectic space R 4d by the action of a compact Abelian group. These 4n-dimensional quotients carry a multi-Hamilitonian action of an ntorus. The image of the hypersymplectic moment map for this torus action may be described by a configuration of solid cones in R 3n . We give precise conditions for smoothness and non-degeneracy of such quotients and show how some properties of the quotient geometry and topology are constrained by the combinatorics of the cone configurations. Examples are studied, including non-trivial structures on R 4n and metrics on complements of hypersurfaces in compact manifolds.
Introduction
An important construction in symplectic geometry is the symplectic quotient of Marsden and Weinstein. Given a symplectic action of a Lie group G on a symplectic manifold M , this produces, under fairly mild hypotheses, a new symplectic manifold of dimension dim M − 2 dim G.
One particularly nice class of symplectic examples is that of toric varieties. Delzant [De] and Guillemin [Gu] , have shown that a large class of toric varieties may be produced as symplectic quotients of C d with its flat Kähler structure by a subtorus N of T d . Their work also shows that the symplectic and Kähler geometry of these 2n-dimensional examples is determined by concrete descriptions of the moment polytope as an intersection of closed half-spaces in R n . In the present paper we shall investigate an analogous construction in a situation where there are multiple symplectic structures, namely for hypersymplectic manifolds. We consider the geometries arising from a hypersymplectic quotient construction for compact Abelian subgroups N of T d acting on
We determine conditions for the quotients to be smooth manifolds and to admit non-degenerate geometric structures in two ways: firstly by direct considerations, and then by using the (hypersymplectic) moment map for the action of a torus on the quotient. The closed half-spaces of Delzant and Guillemin are now replaced by solid cones in R 3n , and we demonstrate how properties of the quotient may be deduced from particular descriptions of such cone configurations.
Hypersymplectic structures were defined in a paper of Hitchin [H] and have appeared in recent works such as [Hu, Ka, FPPW, AD] . Hitchin's work is motivated by the geometry of the moduli space of harmonic maps into a compact Lie group; the paper of Hull [Hu] and the references therein show the role played by these structures in string theory; Mason and Sparling encountered such structures whilst studying the non-linear Schrödinger and the Korteweg-de Vries equations [MS] . On a hypersymplectic manifold one has an indefinite Kähler metric g of signature (2n, 2n), together with a covariant constant endomorphism S of the tangent bundle, such that S 2 equals the identity, S anti-commutes with the complex structure I, and g(SX, SY ) = −g(X, Y ). Now I, S and T = IS generate an action of the Lie algebra sl(2, R) on each tangent space. Moreover, I, S, T , together with the metric g, define three symplectic forms by
hence the name "hypersymplectic". Every hypersymplectic manifold is neutral Calabi-Yau, that is, Ricci-flat Kähler with signature (2n, 2n). Hypersymplectic manifolds are split-quaternion analogues of hyperkähler manifolds and are sometimes referred to as "neutral hyperkähler manifolds". Hitchin described a quotient construction for hypersymplectic manifolds in [H] , analogous to the hyperkähler quotient of [HKLR] . If G acts preserving a hypersymplectic structure, then under mild conditions, we have, for each X ∈ g, a moment map µ X taking values in R 3 . This map satisfies the defining equation
where we identify X with the vector field it induces via the group action. Of course, (1.1) only gives µ X up to an additive constant; these constants are partially restricted by the additional assumption that the maps µ X combine to define a G-equivariant map µ taking values in g * ⊗R 3 . If G is Abelian, then any choice of µ X gives an equivariant map. The hypersymplectic quotient is now defined to be µ −1 (0)/G. When µ has maximal rank and the action of G is free, the quotient has dimension 4 dim G less than the original hypersymplectic manifold. It inherits closed two-forms from ω I , ω S and ω T , and one expects these to define a hypersymplectic structure; however degeneracies may occur on a certain locus in the quotient.
In this paper we shall concentrate on hypersymplectic quotients of flat space
by compact Abelian groups, although we prove some general results controlling smoothness and non-degeneracy of arbitrary hypersymplectic quotients. In some ways, the picture is intermediate between that of Kähler quotients and of hyperkähler quotients as studied in [BD] . In the hyperkähler case the quotients are necessarily non-compact, whereas in the Kähler case many quotients are compact. For the hypersymplectic situation, we show how to produce non-compact non-singular structures on R 4n that are not flat. It is also easy to produce compact quotient sets, and with a little more work smooth examples may be found, but on the other hand these always have singularities of the hypersymplectic structure. We show that these compact quotients produce non-degenerate structures on hypersurface complements in real analytic subvarieties of compact toric varieties. All the quotients we produce carry a natural involution. We discuss in detail some particular examples, such as the hypersymplectic analogues of the Calabi and Gibbons-Hawking multi-instanton spaces, and all examples obtainable as quotients of C 2,2 by a one-dimensional group.
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where i = √ −1, and with the indefinite Kähler metric
Note that I is not the standard complex structure I 0 on this space, which is instead defined by I 0 : (z, w) → (zi, wi). To distinguish I from I 0 , we shall refer to this space with complex structure I 0 as C 2d . If we define S(z, w) = (w, z), then
so IS = −SI. We define T = IS, so that
We have the following symplectic forms:
which is a holomorphic (2, 0)-form with respect to I, but is of type (1, 1) for I 0 .
Moment maps
The torus
This action commutes with I and S and hence with T , and preserves g. The moment maps from (1.1) are
where dµ 
As in [Gu, BD] one considers a compact Abelian subgroup N of T d with Lie algebra n. We shall take n to be the kernel of a surjective linear map β :
and N is defined to be the kernel of the map exp
The requirement that u i be integral exactly guarantees that this composition is well defined.) For a given N , the map β is unique up to composition with an element of Aut(Z n ), or in matrix terms up to multiplication by an element of GL(n, 
In general, this polyhedron may be non-compact.
There is an exact sequence dual to (3.1)
and the moment map for N becomes
However ker ι * = im β * , so using (3.3), we see that (3.4) is equivalent to the existence of a ∈ R n such that
for some b ∈ C n . Equations (3.5) and (3.6) give a description of the level set µ
by N is defined to be
This is a Hausdorff topological space; as we will see it may or may not be a smooth manifold.
4. Non-degeneracy of the quotient geometry
In this section we shall consider when hypersymplectic quotients are smooth, and at which points the hypersymplectic structure on the quotient can degenerate. We will begin with the general case and then specialise to torus quotients of flat space.
Let us consider an action of a Lie group G on a manifold of dimension 4d preserving a hypersymplectic structure and admitting a G-equivariant moment map µ : M → g * ⊗R 3 . Thus, for each element X of g, the associated component µ X of µ satisfies (1.1). Write G for the distribution on M generated by tangent vectors to the group action. ( Proof. It is sufficient, by (F), to show that µ −1 (0) is a smooth manifold. By (1.1), the kernel ker dµ is just the orthogonal complement with respect to g of the space U spanned by IG, SG and T G.
As g is non-degenerate we have
Condition (S) implies that dim U is 3 dim G, which is 3 dim G by (F). We deduce that dµ has maximal rank, and the result follows.
Remark 4.4. As the moment map µ is equivariant, G lies in ker dµ on µ −1 (0). This implies that G is orthogonal to IG, SG and T G. It follows that these spaces are mutually orthogonal.
In the hyperkähler case, where g is positive definite, this of course means that condition (S) and the conclusion of the theorem follow automatically from the freeness of the action of G, as in [HKLR] . It is proved in [H] that the kernels of the symplectic forms on µ −1 (0) are given by (4.2) ker i
and cyclically, where i : Suppose
and condition (S) holds. For the second part, if condition (D) fails, then there is a
gives that SV and T V are subspaces of G. However, SV is contained in SG which is orthogonal to G. Hence, V is invariant under S and T and hence under I = ST . Taking X 1 = IX, X 2 = SX, X 3 = 0 for some nonzero X in V , we see that condition (S) is violated. Thus if the quotient geometry is non-degenerate and (S) holds, then (D) must hold too.
A simple case of the above result is: Corollary 4.7. A hypersymplectic quotient by a free circle action with Killing field X is a smooth hypersymplectic manifold except at points where g(X, X) = 0.
It will be useful, in light of Corollary 4.7, to have a formula for the length of the Killing field of a circle action on
. If the action is given by
then the associated vector field is
We next investigate when condition (S) of Definition 4.2 holds for general toric reductions of flat space. For three vector fields X 1 , X 2 , X 3 with coefficients θ
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For each k, these equations have the form
with a ∈ R and b ∈ C. We deduce that a 2 z = abw = |b| 2 z, and similarly a 2 w = |b| 2 w. So the system (4.4) has a solution if only if for each k,
We also discuss the question of degeneracy of the hypersymplectic structure. We know from Theorem 4.6 and the discussion leading up to (4.3) that degeneracy occurs if and only if the inner product From (3.3) , this condition is equivalent to the existence of ζ ∈ n \{0} and s ∈ R n such that
In §5 we shall refine both of these criteria.
Toric geometry of the quotient
We shall now study some properties of the hypersymplectic quotient
by a compact Abelian group N ⊂ T d . This quotient carries an action of the torus T n = T d /N , and we may consider the map φ : M → R 3n given by
where a and b are as in (3.5) and (3.6). When M is smooth and hypersymplectic this is the moment map for the action of T n on M . A similar map is considered in the Kähler and hyperkähler cases [Gu, BD] . In the first case, the analogue of φ is a map M → R n with image the polyhedron defined by (3.2). The map induces a homeomorphism of M/T n onto the polyhedron. In the hyperkähler case, one has a map onto the whole of R 3n , and again a homeomorphism M/T n ∼ = R 3n . Essentially, this follows from the N = {1} case, i.e., the fact that the moment map (
. In our case, the image of φ is an interesting subset of R 3n , but we no longer obtain a homeomorphism. Indeed the fibres of φ may be disconnected.
We introduce the following notation:
, and where
k . Proposition 5.1. The image of the moment map φ, (5.1), is the set
Moreover φ induces a finite-to-one mapφ from M/T n onto K. The fibre ofφ over (a, b) has 2 m points, where m is the number of the inequalities in the definition of K which are strict for (a, b).
Proof. By (3.5) and (3.6),
Taking the absolute value of the second equation and using the first equation to eliminate |z k | 2 , we get
Thus there is a solution for |w k | 2 only if a k |b k |. There are two solutions if the inequality is strict, otherwise there is only one solution. The result follows.
Remark 5.2. Taking d = 1 and N = {1} in the proof of the proposition, φ is the hypersymplectic moment map for the action of T 1 on C 1,1 . One can see that the corresponding hypersymplectic quotient may be two points, a single point, or empty depending on the choice of level set. So we may get smooth quotient sets of different topology for different choices of level set, contrasting with the hyperkähler case.
Proof. Using (5.2), the set K is the intersection of sets
However, K k is the preimage of the solid cone
Thus K k is convex, and it follows that K is convex, too.
Convexity implies in particular that K is connected, and Proposition 5.1 now gives: Proof. Suppose u 1 , . . . , u d define a bounded polyhedron. As
it is enough to show compactness of µ
, then the vector a of (3.5) must live in the polyhedron { a :
k }, which is compact by hypothesis. Now (3.5) gives us a bound on the |z k | and |w k | in terms of the u k and λ k .
Conversely, note that M is compact if and only if M/T n is compact, and hence if and only if K is compact. We may define a projection p :
The fibres of p are the polyhedra
As F b is non-empty, this implies that u 1 , . . . , u d define a bounded polyhedron as in (3.2).
As promised in §4, we now refine the criteria for smoothness and non-degeneracy of the hypersymplectic quotient M , in terms of the map φ and the vectors u k .
In order to consider smoothness of M , we need to discuss the orbit types of the actions of N on µ −1 (0) and the smoothness of µ −1 (0) itself. Let us begin with the orbit types. In the notation (5.2), put
see Figure 5 .1. Note that (3.5) and (3.6) show that for (z, w) ∈ µ −1 (0)
Following [Gu] , if A is a subset of {1, . . . , d} we denote by T A the torus whose Lie algebra is t A = span R { e k : k ∈ A }. We deduce that the stabiliser of (z, w), for the T d action, is T J , where
Proposition 5.6. For (z, w) ∈ µ −1 (0): w) is the torus whose Lie algebra is spanned by the vectors Proof. Statements (i) and (ii) follow from the above discussion, while (iii) and (iv) follow from (i), (ii) and results of Delzant [De] and Guillemin [Gu] , as cited in the proof of Theorems 3.2 and 3.3 in [BD] . To see this, note that V k is the affine flat H k introduced in [BD] .
Remark 5.7. The argument of Theorems 3.2 and 3.3 of [BD] shows that if every n + 1 of the V k have empty intersection, then the condition of (iii) holds and hence N acts locally freely on µ −1 (0). In particular, for any given collection of vectors u k , the action will be locally free for generic choice of λ. Hence, by Sard's theorem, M = µ −1 (0)/N will have at worst orbifold singularities for generic choice of λ. Similarly, we see that if for each A ⊂ {1, . . . , d} of size n, the collection (
To determine precise conditions for the smoothness of µ −1 (0), let
Note that V k ⊂ W k and that both sets may be empty for a given k. Let J be as in (5.4) above and put
Consider the equations (4.5) at (z, w) ∈ µ −1 (0). For k ∈ J, there is no restriction on θ
Consider the map (5.5) Remark 5.9. Over the combinatorial interior of K,
is always a smooth manifold. The combinatorial interior is equal to the topological interior if
Remark 5.10. By Proposition 5.6, if the action of N is locally free, then n L is transverse to t J and hence the orthogonal projection n L → n L,J is injective. Thus the smoothness condition will necessarily fail if 3 dim n L > 2 |L \ J|. Since dim n L |L| − n, we conclude that smoothness requires |L| 3n, i.e., no more than 3n of the W k 's may meet in K.
Finally, let us consider non-degeneracy of the hypersymplectic structure. 
and
Proof. This is immediate from the the discussion at the end of §4, equation (4.7), the definition of n as ker β, and the proof of Proposition 5.1 which expresses |z k | and |w k | in terms of a and b.
Remark 5.12. Consider the special case when s = 0. The expression
is linearly dependent, so we may find (ζ 1 , . . . , ζ d ) ∈ t A \{0} satisfying (5.7). If
we then obtain a solution to the remaining equations (5.6). Thus if n + 1 of the W k 's meet in K, then condition (D) necessarily fails. This is a considerably stronger restriction than that obtained for smoothness in Remark 5.10, and as we will see in §7, one may easily obtain smooth quotients with hypersymplectic structures that degenerate on some hypersurface.
Theorem 5.13. Let φ be the moment map for the action of T n on the hypersymplectic quotient
M = µ −1 (0)/N .
Suppose the combinatorial interior CInt(K) of the image K of φ is non-empty. Then an open subset of M carries a smooth non-degenerate hypersymplectic structure. When M is compact, the degeneracy locus is non-empty of codimension at least one.
Non-trivial examples of quotients with empty degeneracy locus will be given in §7.
Proof. We have already noted that M is smooth over CInt(K). For (a, b) ∈ CInt(K), we have a 2 k = |b k | 2 for all k. Equations (5.6) may thus be solved for ζ k and (5.7) becomes
and R 2 is an n-dimensional manifold contained in the complement of the coordinate axes in
, then so does (λs, w) for λ ∈ R \ 0. So the projection of H −1 (0) to the second factor R 2 , has dimension at most n − 1, i.e., the degeneracy locus is at least codimension one. Now suppose that M is compact. Consider the map p : K → C n of Theorem 5.5 and its fibres F b . Note that when the interior Int F b is non-empty we have Int
n with empty interior. Let v be a vertex of that polytope. Then v is at the intersection of at least n hyperplanes a k = |b k |. However, if only n hyperplanes meet, then we can find interior points of F b close to v. Thus n + 1 hyperplanes meet in v. This is the same as saying that (v, b) lies on n + 1 of the W k . By Remark 5.12, this implies that the hypersymplectic structure is degenerate at (v, b) .
We shall next relate our quotients to toric varieties. We first prove a lemma.
Lemma 5.14. Let δ : 
for some mapβ. It is straightforward to check that δ * (n) = { (v, v) : v ∈ n } is the kernel of the map defined by
So we can take this map to beβ, and hence δ * (n) is defined by vectorsũ 1 , . . . ,ũ 2d .
The defining inequalities may be written as Remark 5.16. Note that µ S + iµ T , although I-holomorphic, is not holomorphic with respect to the complex structure on this toric variety, which is induced from I 0 .
We conclude by discussing two actions that can occur on M for special choices of λ.
Remark 5.17. If we take λ
and is a fixed point of N , giving a singular point in the quotient M = µ −1 (0)/N . In fact it follows from (3.5), (3.6) with λ (k) j = 0 that we have a scaling action (z, w) → (t.z, t.w), for t ∈ R * on µ −1 (0) which descends to the quotient, so that M is a cone with vertex at (0, 0).
Remark 5.18. Harada and Proudfoot [HP] have observed that in the hyperkähler case, if we take λ
This action is holomorphic with respect to I but not with respect to J or K. This action does not occur for the Kähler quotients of [Gu, De] . However we observe that it does exist for our hypersymplectic quotients, provided we take λ (2) k + iλ (3) k = 0 as above. The action is compatible with I but not with S or T . Note also that under this condition on λ, the hypersymplectic quotient contains two distinguished subvarieties, defined by the vanishing of z and w, respectively. Each of these may be identified with a Kähler quotient of C d by N , and hence with a toric variety.
The locus w = 0 lies in the fixed point set of the circle action. As M is a quotient, we may in addition have other components of the fixed point set. We find, as in the hyperkähler case [HP] , that the fixed point set in general is a union of toric varieties which may be enumerated in terms of conditions on the vectors u k .
To make this precise, for A, B ⊂ {1, . . . , d}, let
Note that M A,A is a toric variety. The fixed point condition
for g(ψ) ∈ N implies immediately that w k = 0 whenever z k = 0. Further examination of this condition leads to: 
Involutions
In the Kähler case studied by Guillemin and Delzant, the moment map µ : C d → n * is invariant under the involution of C d given by complex conjugation. In fact, conjugation induces an involution γ of the quotient M = µ −1 (0)/N . Moreover the fixed point set of complex conjugation in µ −1 (0) is a cover of the fixed point set of γ in M . The group of deck transformations is the finite group Γ of involutions in N .
In the hyperkähler situation there appears to be no such involution in general. In our hypersymplectic case, however, we do have an involution. Explicitly, the map σ : Theorem 6.1. The natural projection π :
If N acts freely on µ −1 (0) this map is a cover whose group of deck transformations is the finite group
Proof. Observe first that (z, w) ∈ µ −1 (0) represents a point in Mσ if and only if there exists g ∈ N with w = g
so (z, w) represents the same point in M as does (hz, hz) ∈ µ −1 (0) σ . This proves the surjectivity assertion.
Next, suppose that two points (z,z) and (u,ū) in µ −1 (0) σ are related by the action of g ∈ N . We need, for each k,
for some e iθ k ∈ T 1 . Hence either e iθ k is an order two element in Proof. The involutionσ pulls back ω I , ω S and ω T to their negatives.
Remark 6.3. Non-degenerate hypersymplectic manifolds with multi-Lagrangian subsets have recently appeared in [FPPW] . There hypersymplectic structures arise on T 2n -fibrations over a T 2n base, and the fibres are multi-Lagrangian.
In contrast, we have: 
. This is the condition that φ(z, w) ∈ W k for k = 1, . . . , d, and the assertion follows.
When |z k | = |w k | for all k, the quadratic form (4.6) is identically zero. Thus condition (D) fails. The final statement follows from Theorems 4.3 and 4.6.
7. Examples 7.1. The diagonal circle action. Let us take d = n + 1, and take
so the vectors u k define the standard simplex in R n . Now N is the standard diagonal circle in T n+1 . The corresponding toric hyperkähler manifold is the Calabi space T * CP (n). In the hypersymplectic case M = µ −1 (0)/N is the quotient of the subset of C n+1,n+1 cut out by the equations
by the action
Using Theorem 5.15, this may be identified with a hypersurface in µ −1
Note that the action
preserves the level set of µ −1 (0) and commutes with the action of N , so defines an effective P U(n + 1) action on M .
The stabiliser of (z, w) is P (U (1) × U (n)) if z, w are linearly dependent, and P (U (1)×U (n−1)) otherwise: the P U(n+1) action on M is therefore cohomogeneity one.
Let us write
A necessary condition for M to be non-empty is |Q| 1 2 P .
The vector field X for the action of N takes the value (iz, iw) at the point (z, w). From §4 we see that IX, SX, T X are linearly independent unless w = λz for a complex number λ of unit modulus. It is easy to check that such a point (z, w) cannot lie in µ −1 (0) except in the special case |Q| = 1 2 P . We deduce that M is a smooth manifold unless |Q| = 1 2 P . The hypersymplectic structure on M will degenerate at some points, however. Observe that the point (z, w), where
when this set is non-empty. Moreover, from (4.3), we have that the Killing field for the circle N is null at (z, w). Hence the hypersymplectic structure degenerates at this point.
If we take Q = 0, then we have a circle action
as discussed in Remark 5.18. The fixed point set of this action in M = µ −1 (0)/N is the union of the loci z = 0 and w = 0, since in Proposition 5.19 we have A = ∅ or {1, . . . , n + 1}. These fixed point sets are both diffeomorphic to CP n , and are the special orbits of the P U(n + 1) action in this case.
7.2. Codimension-one subgroups. Take n = 1, and first consider
and N is the torus
The GibbonsHawking multi-instanton metrics are obtained as hyperkähler quotients of H d by N . We obtain, analogously, 4-dimensional hypersymplectic quotients of C d,d by N , with an action of the circle group T d /N . Like the multi-instanton spaces, these hypersymplectic spaces are non-compact, as can be seen from Theorem 5.5.
Note that the sets V k of (5.3) are now just the d points
Proposition 5.6(iv) shows that N acts freely on µ −1 (0) provided that these d points are distinct (as in the hyperkähler case).
The set K = φ(M ) in Proposition 5.1 is the intersection of the d cones
. All these cones have the same angle and parallel axes.
The fixed points of the circle action correspond, from Proposition 5.6(ii), to the preimages under φ of those points (λ
k ) which lie in the intersection of the cones.
We deduce that different configurations of the cones may give a zero or non-zero number of fixed points. This gives an example of different choices of level set giving quotient sets which are inequivalent as T n -manifolds. By contrast, in the hyperkähler case, φ(M ) is the whole of R 3 , and we always get d fixed points for the circle action (provided that the points H k = V k are distinct).
Let us now consider what may happen for arbitrary choices of u k when n = 1 and d is small. Example 7.1. Consider n = d = 1. This case is relatively trivial as the group N is discrete. However, it illustrates a number of features of our constructions.
The map β is defined by a single u 1 ∈ Z \ {0}, which we may take to be positive. The image of the moment map φ is the solid cone K = K 1 consisting of (a, b) ∈ R×C such that a − λ
The N -action is free only if u 1 = 1, in which case N = {1}. As n = {0}, the maps Λ (a,b) (5.5) are injective, so the quotient is indeed smooth when u 1 = 1. The equation (5.7) implies ζ 1 = 0, confirming that the quotient geometry is non-degenerate.
In the case u 1 = 1, the induced mapφ :
1 } is the image of a two-sphere S 2 (r) in C 1,1 /T 1 ∼ = R 3 , and this sphere in turn is the quotient of the three-sphere S 3 (2r) = {|z| 2 + |w| 2 = 2r} in C 1,1 . The map S 2 (r) → D(r) may be thought of as an orthogonal projection to the equatorial plane, whereas the map S 3 (2r) → S 2 (r) is the Hopf fibration.
Example 7.2. If n = 1 and d = 2 we are considering hypersymplectic quotients of C 2,2 by a one-dimensional Abelian group, and the result is a four-dimensional hypersymplectic manifold M with S 1 -symmetry. The map β defining N is determined by u 1 , u 2 ∈ Z not both zero. Without loss of generality we may take u 1 > 0. Let us restrict to the non-degenerate case where u 2 is also non-zero. The moment map φ on M has image K = K 1 ∩ K 2 , where K k are solid cones in R × C with vertices V k = (λ Let us successively consider the conditions (F), (S) and (D) of §4 for these quotients.
For the freeness condition (F) of Definition 4.1, Proposition 5.6 forces V 1 = V 2 and imposes the restriction that u k = ±1 if the vertex V k lies in K. Allowable cone configurations include the three given in Figure 7 .1: 7.1(a) has u 1 > 0, u 2 = 1 and N = S 1 ; 7.1(b), u 1 , u 2 > 0 and N = S 1 × Z/ gcd(u 1 , u 2 ); 7.1(c), u 1 = 1, u 2 = −1. Other allowable configurations have V 2 ∈ W 1 \ V 1 .
Turning to the smoothness condition (S) of Definition 4.2, assume that the Naction is free. By Remark 5.10, smoothness fails if V 2 lies in W 1 , since at V 2 we then have L = {1, 2}, J = {2} and n L = n has dimension 1. Thus the configurations of Figure 7 .1 are the only candidates for smooth quotients. For Figure 7 .1(a), there is no more to check as n L = {0} at all points of K. For Figures 7.1(b) and 7.1(c) we need to consider points (a, b) ∈ W 1 ∩ W 2 . Here L = {1, 2} and J = ∅, so n L,J = n L = n ∼ = R and the map Λ (a,b) : n ⊗(R × C) → C 2 in (5.5) is One sees that the quotient is smooth when we have V k / ∈ W j for k = j. Thus the three configurations of Figure 7 .1 give smooth four-dimensional manifolds.
Finally, we turn to the non-degeneracy of the hypersymplectic structure as guaranteed by condition (D) of Definition 4.5, when the quotient is smooth satisfying conditions (F) and (S). Remark 5.12 shows that for (D) to hold we must have W 1 ∩ W 2 = ∅. This only occurs when u 2 = 1 and V 2 ∈ Int K 1 , as in Figure 7 .1(a). Thus the other two configurations give smooth manifolds with a hypersymplectic structure that degenerates along some hypersurface. Indeed in these two cases the fixed point set of the involutionσ of §6 is non-empty and Proposition 6.4 applies.
For u 2 = 1 and V 2 ∈ Int K 1 we need to consider Proposition 5.11 in detail. Put
